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A note on identities with derivations in prime rings

Nadeem ur Rehman∗

Abstract. The present paper’s primary purpose is to study the con-
nection between commutativity of rings and the behavior of its deriva-
tions in prime rings.

1. Introduction

Throughout this article, unless stated otherwise, R will be associative
ring. Z(R) the center of R, Martindale quotient ring Q, U its Utumi quo-
tient ring and the extended centroid C. For x, y ∈ R and each n ≥ 0,
set [x, y]0 = x, [x, y]1 = xy − yx, then an Engel condition is a polynomial
[x, y]m = [[x, y]m−1, y], m = 1, 2, . . . , in noncommuting indeterminate. The
ring R satisfies an Engel condition if there exists positive integer m such
that [x, y]m = 0. Recall that a ring R is prime if for and a, b ∈ R, aRb = (0)
implies a = 0 or b = 0, and a semiprime if for any a ∈ R, aRa = (0)
implies a = 0. An additive mapping F : R → R is called a derivation if
F(xy) = F(x)y + xF(y) holds for all x, y ∈ R. In particular, F is an inner
derivation induced by an element a ∈ R, if Fa = [a, x] for all x ∈ R. More-
over, F is said to be Q-inner if the extension of F to Q is inner, otherwise
Q-outer.

A classical result of ring theory established by Jacobson [6] generalizes at
the same time the Theorem of Wedderburn that “every finite division ring
is commutative” and also the result that any Boolean ring is commutative
ring. The theorem to which we refer is, namely: “Any ring in which xn = x,
n > 1 is a fixed integer, is necessarily commutative.” Further, Herstein [4]
established that “a ring must be commutative if it satisfied [x, y]n = [x, y]
for every x, y ∈ R, n > 1 is a fixed integer.” In 2011 Huang [5] discussed
the commutativity of prime ring and prove that “if a prime ring R admits
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a derivation F such that F([x, y])m = [x, y]n for all x, y ∈ L the nonzero
ideal of R, where m,n > 1 are integers, must be commutative.” On the
other hand Giambruno et al. [3] generalized Herstein result for Engle type
condition and they established that “a ring must be commutative if it satisfies
([x, y]m)n = [x, y]m.” Recently, the author with Raza [11] obtained that “a
prime ring is commutative if it satisfies F([x, y]m)n = [x, y]m for all x, y ∈ L,
a nonzero ideal of R.” Motivated by these results, in the present article, we
study prime and semiprime rings R admitting a derivation F satisfying the
condition [

F([x, y]m), [x, y]m
]n

=
[
F([x, y]m), [x, y]m

]
,

for all x, y in some appropriate subset of R.

2. The Results

In what follows, unless stated otherwise, R will be a prime ring. We
denote the Matrindale quotient ring of R by Q. Let C be the center of Q,
which is called the extended centroid of R. The definitions, the axiomatic
formulations and the properties of these quotient ring can be found [1]. Note
that Q is also prime ring with identity and C is a field.

Before proving our main theorem, we will fix some notations and collect
some known result which we will use in the sequel.

Fact 2.1. “Let R be a prime ring and L a two sided ideal of R. Then L, R,
U satisfy the same generalized polynomial identities with coefficients in U”
(see [2]).

Fact 2.2. “Every derivation F of R can be uniquely extended to a derivation
on U” (see Proposition 2,5,1 of [1]).

Fact 2.3. “Let R be a prime ring and L a two sided ideal of R. Then R, L
and U satisfy the same differential identities” (see [9]).

We are now ready to state the main result.

Theorem 1. Let R be a prime ring of characteristic different from two, L
be a nonzero idela of R and F be a nonzero derivation of R . If L satisfies[

F([x, y]m), [x, y]m
]n

=
[
F([x, y]m), [x, y]m

]
,

for all x, y ∈ L, then R is commutative.

Proof. In the light of Kharchenko’s theory [7], we split our proof into two
cases. Firstly, we assume that F is an Q-inner derivation induced by an
element λ ∈ Q, i.e., F(x) = [λ, x] for all x ∈ R, then we have

(1)
[
[λ, [x, y]m], [x, y]m

]n
=
[
[λ, [x, y]m], [x, y]m

]
,

for all x, y ∈ L. If λ ∈ C, then we are done. Thus we may assume that λ 6∈ C.
In this case (1), by Chuang [2, Theorem 2], this identity is a non-trivial
generalized polynomial identity for Q as λ 6∈ C. Thus, by Matrindate’s
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[10], Q is a primitive ring which is isomorphic to a dense ring of linear
transformations of a vector space V over C. Suppose first that dimC(V) = l,
where l ≥ 3 a finite positive integer. Then we may assume that Ml(C), the
full matrix ring of all l × l matrices over C. As usual, by eij , 1 ≤ i, j ≤ l,
we denote the matrix unit whose (i, j)-entry is equal to 1 and all its other
entries are equal to zero. Let µ =

∑
ij αijeij . We show that µ is a diagonal

matrix. Let x = eij and y = ejj . In this case we deduce that([
[λ, eij ], eij

])n
=
[
[λ, eij ], eij

]
,

that is, eijλeij = 0 and hence αji = 0, for any i 6= j. Therefore µ is a
diagonal matrix. In the next step we will prove that µ is central matrix.
Since µ is a diagonal matrix. Moreover, if there exists an automorphisms θ
of Ml(C) such that([

[θ(µ), [x, y]m], [x, y]m
])n

=
[
[θ(µ), [x, y]m], [x, y]m

]
is a generalized polynomial identity of R. This shows that θ(µ) is a diagonal
matrix for all θ ∈ Aut(Ml(C)). In particular, let r 6= t and

θ(x) = (1 + ert)x(1− ert) = x+ ertx− xrrt − ertxert.

Put θ(µ) =
∑
θ(µ)

′
ijeij with θ(µ)

′
ij ∈ C. Since θ(µ) is diagonal, we have

θ(µ)
′
lt = 0. Hence µtt − µll = 0 and we conclude that µ is a central matrix,

a contradiction.
Now, suppose that dimC(V) =∞. Then we have[

[λ, [x, y]m], [x, y]
]n

=
[
[λ, [x, y]m], [x, y]m

]
,

for all x, y ∈ Q. Moreover, again by Martindale’s Theorem [10], it follows
that R = RC is a primitive ring with soc(Q) = H 6= 0 and eHe is a simple
central algebra finite dimensional over C, for any minimal idempotent ele-
ment e ∈ H. Further we may assume that H is non-commutative, otherwise
Q must be commutative. Of course, H satisfies[

[λ, [x, y]m], [x, y]
]n

=
[
[λ, [x, y]m], [x, y]m

]
.

As H is a simple ring, so either H is generated by its idempotents or H does
not contain any non-trivial idempotent element. In this first case, suppose
that H contains two minimal orthogonal idempotent elements e and e′, by
the hypothesis, for [x, y]m = [ex, e′]m = exe′, we have

exe′(λ)exe′ = 0.

Therefore, we get e′λexe′λexe′λe = 0 and hence by the primeness of R, we
find that e′λe = 0, where e and e′ are orthogonal idempotents element of
rank 1. As e of rank 1, we have eλ(1 − 2) = 0 and (1 − e)λe = 0, that is,
eλ = eλe = λe. Therefore, [λ, e] = 0 and [λ,H] = 0, where H is generated
by these idempotent elements. This argument gives that λ ∈ C or R is
commutative. In the other case, we conclude with contradiction.
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Thus, we take the case when H cannot contain two minimal orthogonal idem-
potent elements and so, H = G for suitable division ring G finite dimensional
over its center. This implies that G = H and λ ∈ Da. By [12, Theorem
2.3.29] ([8, Lemma 2]), H ⊆Ml(K), Ml(K) satisfies[

[λ, [x, y]m], [x, y]
]n

=
[
[λ, [x, y]m], [x, y]m

]
,

where K is a field. If m = 1, then H ⊆ K, a contradiction. Moreover, if
m ≥ 2, then λ ∈ Z(Ml(K)), as we have just seen.

Finally, consider if H does not contain any non-trivial idempotent element,
then H is finite dimensional division ring, that is, H is commutative field and
so R is commutative too. If H is infinite, then H⊗C K ∼= Ml(K), where K is
a splitting field of H. The previous argument say that λ ∈ Z(R).

Assume that F is not Q-inner. Note that

(2)

F([x, y]m) =

m∑
k=1

(−1)k
(
m

k

) ∑
i+j=k−1

yiF(y)yj

 xym−k

+
m∑
k=0

(−1)k
(
m

k

)
ykF(x)ym−k

+

m−1∑
k=0

(−1)m
(
m

k

)
ykx

( ∑
r+s=m−k−1

yrF(y)ys

)
.

In view of our hypothesis and well-known results, we can say that R
satisfies [

F([x, y]m), [x, y]m
]n

=
[
F([x, y]m), [x, y]m

]
,

which is rewritten as m∑
k=1

(−1)k
(
m

k

) ∑
i+j=k−1

yiF(y)yj

 xym−k +
m∑
k=0

(−1)k
(
m

k

)
ykF(x)ym−k

+
m−1∑
k=0

(−1)m
(
m

k

)
ykx

( ∑
r+s=m−k−1

yrF(y)ys

)
,

m∑
k=0

(−1)k
(
m

k

)
ykxym−k

])n

=

 m∑
k=1

(−1)k
(
m

k

) ∑
i+j=k−1

yiF(y)yj

 xym−k +
m∑
k=0

(−1)k
(
m

k

)
ykF(x)ym−k

+

m−1∑
k=0

(−1)m
(
m

k

)
ykx

( ∑
r+s=m−k−1

yrF(y)ys

)
,

m∑
k=0

(−1)k
(
m

k

)
ykxym−k

]
.
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In the light of Kharchenko’s Theorem [7], we find that m∑
k=1

(−1)k
(
m

k

) ∑
i+j=k−1

yiwyj

 xym−k +
m∑
k=0

(−1)k
(
m

k

)
ykzym−k

+

m−1∑
k=0

(−1)m
(
m

k

)
ykx

( ∑
r+s=m−k−1

yrwys

)
,

m∑
k=0

(−1)k
(
m

k

)
ykxym−k

])n

=

 m∑
k=1

(−1)k
(
m

k

) ∑
i+j=k−1

yiwyj

 xym−k +
m∑
k=0

(−1)k
(
m

k

)
ykzym−k

+
m−1∑
k=0

(−1)m
(
m

k

)
ykx

( ∑
r+s=m−k−1

yrwys

)
,

m∑
k=0

(−1)k
(
m

k

)
ykxym−k

]
,

for all x, y,w, z ∈ R, and hence, it satisfied by Q [1, Theorem 6.4.4]. Thus,
Q is non-commutative as R. Let us take δ ∈ Q with δ 6∈ C. Also, we can
see that φ : Q → Q is a nonzero derivation of Q defined by φ(x) = [δ, x] for
all x ∈ Q. Replacing w, z by φ(x), φ(y) in the last expression, we obtain that[

φ([x, y]m), [x, y]m
]n

=
[
φ([x, y]m), [x, y]m

]
,

for all x, y ∈ Q. This can be rewritten as[
[δ, [x, y]m, [x, y]m

]n
=
[
[δ, [x, y]m, [x, y]m

]
.

The last expression is the same as (1).
Using same technique, we get the required conclusion. �

We immediately get the following corollary as the consequence of above
theorem.

Corollary 1. Let R be a prime ring of characteristic different from two and
F be a derivation of R such that[

F([x, y]m), [x, y]m
]n

=
[
F([x, y]m), [x, y]m

]
,

for all x, y ∈ R, where m,n are positive integers. Then R is commutative.
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